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Abstract—One of the main challenges in developing racetrack
memory systems is the limited precision in controlling the
track shifts, that in turn affects the reliability of reading and
writing the data. The current proposal for combating deletions
in racetrack memories is to use redundant heads per-track
resulting in multiple copies (potentially erroneous) and solving a
specialized version of a sequence reconstruction problem. Using
this approach, k-deletion correcting codes of length n, with d
heads per-track, with redundancy log log n + 4 were constructed.
However, the code construction requires that k£ < d. For k£ > d,
the best known construction improves slightly over the classic
one head deletion code. Here we address the question: What is
the best redundancy that can be achieved for a k-deletion code
(k is a constant) if the number of heads is fixed at d (due to area
limitations)? Our key result is an answer to this question, namely,
we construct codes that can correct k deletions, for any £ beyond
the known limit of d. The code has O(k*dloglogn) redundancy
for the case when k£ < 2d — 1. In addition, when k > 2d, the
code has 2|k/d|logn + o(logn) redundancy.

I. INTRODUCTION

Racetrack memory is a promising non-volatile memory that
possesses the advantages of ultra-high storage density and low
latency (comparable to SRAM latency) [8], [9]. It has a tape-
like structure where the data is stored sequentially as a track
of single-bit memory cells. The cells are accessed through
read/write ports, called heads. When reading/writing the data,
the heads stay fixed and the track is shifting.

One of the main challenges in developing racetrack memory
systems is the limited precision in controlling the track shifts,
that in turn affects the reliability of reading and writing the
data [5], [11]. Specifically, the track may either not shift or
shift more steps than expected. When the track does not shift,
the same cell is read twice, causing a sticky insertion. When
the track shifts more than a single step, cells are skipped,
causing deletions in the reads [3].

It is natural to use deletion and sticky insertion correct-
ing codes to deal with shift errors. Also, it is known that
a code correcting k& deletions is capable of correcting s
deletions and r insertions when s + r < k [6]. However,
designing redundancy and complexity efficient deletion cor-
recting codes has been an open problem for decades. In
fact, no deletion correcting codes with rate approaching 1
were known until recently, when [1] proposed a code with
redundancy 128k? log klogn + o(logn). Evidently, for k, a
constant number of deletions, the redundancy of this code is
orders of magnitude away from optimal, known to be in the
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range k log n+o(logn) to 2k log n+o(log n). Hence, it is nat-
ural to explore constructions of deletion correcting codes that
are specialized for racetrack memories and might provide more
efficient redundancy and lower complexity encoding/decoding
algorithms.

There are two approaches for construction of codes for
racetrack memories. The first is to leverage the fact that
there are multiple parallel tracks with a single head per-track,
and the second, is to add redundant heads per-track. For the
multiple parallel head structure, the proposed codes in [10]
can correct up to two deletions per head and the proposed
codes in [2] can correct [ bursts of deletions, each of length
at most b. The codes in [2] are asymptotically (in the number
of heads) rate-optimal. The second approach for combating
deletions in racetrack memories is to use redundant heads per-
track [11], [3], [4], resulting in multiple copies (potentially
erroneous) of the same sequence. This can be regarded as a
sequence reconstruction problem, where a sequence c needs
to be recovered from multiple copies, each obtained after %
deletions in c. We emphasize that the general sequence re-
construction problem [7] is different from the current settings,
as here the heads are at fixed and known positions, hence,
the set of deletions locations in one head is a shift of that
in another head [3]. Demonstrating the advantage of multiple
heads, the paper [4] proposed an efficient k-deletion code of
length n with redundancy loglog n+4. In contrast, for general
k-deletion codes the lower bound on the redundancy is k log n.
However, the code in [4] is required to use d heads and is
limiting %k to be smaller or equal to d. For k larger than d,
the best construction [3] reduces the problem to designing
a k —d+ 1 deletion code (e.g., [1]) for single head cases. It
is known that the number of heads affects the area overhead
of the racetrack memory device [3], hence, it motivates the
following natural question: What is the best redundancy that
can be achieved for a k-deletion code (k is a constant) if the
number of heads is fixed at d (due to area limitations)?

Our key result is an answer to this question, namely,
we construct codes that can correct k£ deletions, for any k
beyond the known limit of d. Our code has O(k*dloglogn)
redundancy for the case when £ < 2d — 1. In addition,
when k& > 2d, the code has 2|k/d]|logn + o(logn) redun-
dancy. Our key result is summarized formally by the following
theorem. Notice that the theorem implies that the redundancy
of our codes is asymptotically larger than optimal by a factor
of at most four.

Theorem 1. For a constant integer k, let the distance t



between any two consecutive heads be max{(3k + [logn] +
2)[k(k—1)/24+1]+ (Tk —k3)/6, (4k +1)(5k + [logn] +3)}.
Then for d < k < 2d — 1, there exists a length N =
n+4k[2(4k+1)kd+4k+5/2] loglog n+o(log log n) d head k-
deletion correcting code with redundancy 4k[2(4k + 1)kd +
4k + 5/2]loglogn + o(loglogn). For k > 2d, there exists a
length N = n + 2|k/d]|logn + o(logn) d head k-deletion
correcting code with redundancy 2|k/d|logn + o(logn).
The encoding and decoding functions can be computed
in Og(poly(n)) time. Moreover, for k > 2d and t; = n°"),
the amount of redundancy of a d head k-deletion correcting
code is lower bounded by |k/2d]logn + o(logn).

Organization: Due to space limitation, we prove our main
result for the case & < 2d — 1. The proof for the case k > 2d
is similar. The proof of the lower bound on the redundancy
will be presented in a longer version. In Section II we present
some basic lemmas needed in our proof. Section III presents
the proof of the main result for the case k£ < 2d—1. Section IV
describes in detail how to synchronize the reads.

II. PRELIMINARIES
A. Notations and Model

For any two numbers ¢ < j, let [¢, j] = {i,i+1,...,5—1,5}
be the set of consecutive numbers between 4 and j. Let [¢, j] =
() for 7 > j. For a length n sequence ¢ = (c1,...,¢,) and an
index set Z C [1,n], let cz = (¢; : © € Z) be a subsequence
of c¢. For a n; X ny matrix D and two index sets Z; C [1, 7]
and Zy C [1, no], let Dz, 7, denote the submatrix of D formed
by choosing the intersection of the rows 7 € Z; and the
columns j € Zs.

For a deletion location set & C [1,n], denote by §° =
[1,n]\d the complement of §. Let c(d) = cse = (¢; : ¢ ¢ 9)
be the subsequence obtained by deleting bits with locations in
the deletion location set 6.

In a d head racetrack memory, the heads are placed on the
same track and stay fixed. As the track moves step by step,
the heads read the same copy of data d times. A deletion or
insertion happens for all reads when the track moves two steps
or does not move at a time. As a result, the deletion/insertion
locations in one head is a shift version of that in another head.
In this paper we focus on the deletion errors.

Let the distance between the i-th head and the ¢ + 1-th
head be t;, i € [1,d — 1]. Denote as d; = {d;1,...,0;k} C
[1,n], i € [1,d] the location of deletions occur at the i-th
head. Then we have that §;,1 = &; + t;, where for a set of
numbers A and a number ¢, A+t ={x+t:x € A}

The read of the i-th head is given by c¢(d;), @ € [1, d]. Define
the read matrix D(c,d1,...,d4) to be a d x (n — k) matrix
where the i-th row of D(c,d1,...,84) is ¢(d;). The deletion
ball Dy (c) of a sequence ¢ € {0,1}" is the set of all possible
read matrices in a d head racetrack memory, i.e.,

Dk(C) = {D(C,617.. .,6d) : (Si+1 =0; +t;,
‘C| = nvdi - [Ln]a |5z| = k7i € [Ldi 1]}

A d head k deletion code C is the set of all length n sequences
such that the deletion balls of any two do not intersect, i.e.,

for any c,c¢’ € C, Di(c) N Di(c’) = 0. The redundancy of
the code is n — log|C].

A sequence ¢ € {0,1}" is said to have period ¢ if ¢; = ¢;4¢
for i € [1,n — £]. We use L(c,i) to denote the length of the
longest subsequence of consecutive bits in c that has period i.
Furthermore, define

L(c,<k) = I?Semls( L(c,i).
Finally, the number of elements of a set A is denoted by |A|.
For any two sets A and B, the set A\B ={z:2 € A,z ¢ B}
denote the difference of sets A and B.

B. Useful Lemmas

Here we present some lemmas that will be useful throughout
the paper. Our construction is based upon a deletion code
for short lengths, which can be computed by brute force
in Ok (poly(n)) time when the length is of order O (logn).
The following result appears in [1].

Lemma 1. Let k be a fixed integer. There exists a hash
function H : {0,1}* — {0,1}2k10en+O0M) " computable
in Oy (n?k2") time, such that any sequence c¢ € {0,1}" can
be recovered from any of its length n — k subsequences and
the hash H(c).

With the function H, it is not hard to protect a longer
length sequence from k deletions by chopping it into short
subsequences and protect each short subsequence using H.
The following lemma is a slight variation of the result in [1].

Lemma 2. Let k be a fixed integer. For integers B
and n. There exists a hash function Hash
{071}B — {O’1}[(B/[logn]ﬂ(2k10g10gn+0(1)), computable
in  On([B/logn|nlog** n)  time, such that any
sequence ¢ € {0,1}P can be recovered from any of its
length B — k subsequences and the hash Hash(c).

In addition, in order to synchronize the sequence c in
the presence of deletions, we need to transform c to a
sequence that has a limited length constraint on its periodic
subsequences. Such constraint was used in [3], where it was
proved that the redundancy of the code {c : L(c,< k) <
[logn] + k + 1} is at most 1 bit. In the following lemma
we present a function to transform any sequence to one that
satisfies this constraint. The redundancy of our construction
is k+ 1 bits. However, it is small compared to the redundancy
of the d head k-deletion code.

Lemma 3. For any integers k and n, there exists an in-
jective function F : {0,1}" — {0,1}"**+1 computable
in O(kn?logn) time, such that for any sequence {0,1}", we
have that L(F(c), < k) <3k + 2+ [logn].

Finally, we restate one of the main results in [3] that will
be use in our construction. It is a code that can correct d — 1
deletions in a d head racetrack memory, given that the distance
between any two consecutive heads is large enough.

Lemma 4. Let d < k be two integers and C be a k —d + 1
deletion code, then CN{c: L(c,< k) < T} is a d head k-
deletion correcting code, given that the distance between any



two consecutive heads t; > T[k(k —1)/2+ 1]+ (Tk — k) /6
foriell,d—1]

III. CORRECTING UP TO 2d — 1 DELETIONS WITH d HEADS

In this section we construct a k-deletion d head code for
the case when k£ < 2d — 1. To this end, we first present a
lemma that is the basis of our code construction. The lemma
states that the deletion locations can be identified within a set
of short intervals. Moreover, the number of deletions within
each interval can be determined. The proof of this lemma will
be given in Section IV.

Definition 1. Let 6; = {J;1,...,0; 1} be the set of deletion
locations in the i-th head of an d head racetrack memory, i.e.
dir1 = 6; + t;, for i € [1,d — 1]. An interval T is deletion
isolated if

S;iiNT =t +6NI,
forie[l,d—1].

Example 1. Consider a 3 head racetrack memory with head
distances t1 = 1 and to = 2. Let the length of the sequence c
be n = 22 and the deletion positions in the heads be given by

61 ={1,2,4,8,14,17},
8y ={2,3,5,9,15,18}, and
83 = {4,5,7,11,17,20},

then intervals [1,7), [8,12], and [12,22] are deletion isolated.

Intuitively, an interval Z is deletion isolated when the
subsequences cznge for i € [1,d] can be regarded as the d
reads of the sequence cz in a d head racetrack memory
after |§; N Z| deletions.

Lemma 5. For any positive integers n and R > k+1, let c €
{0,1}"* 2 be a sequence such that L(cpy pik11], < k) < 3k+
[logn] + 2 £ T. Let the distance t; between head i and
head i + 1 satisfy t; > (4k + 1)(T + 2k + 1) £ Ty,s, and
Umaz = MaXie (1. d—1} ti be the largest distance between two
consecutive heads. Then given D € Dy(c), it is possible to
find a set of J < k disjoint and deletion isolated intervals T; C
[1,n+ R], j € [i,J] such that &, C U{_,Z; for w € [1,d]
and |Z; N [1,n+k+1]| < (2] (2tmas + T +1)/2] + 1)kd +
| 2tmaz+T+1)/2]+k & B, for j = 1,...,J. Moreover, |51
Z;| can be determined for j € {1,...,J}.

Let ¢ be a sequence satisfying L(c[1 nirt1), < k) < T.
Then from this lemma, the bit ¢; can be identified for ¢ €
[1,n+ k4 1]\(U;j_,Z;), given D € Dy(c). This is because

¢ =Dy—»

J:Ij€(1,i-1] |51ij| (1)

for i € [1,n+ k+1]\(U/_,Z;). Hence we are left to recover
cz, for j € [1,J]. Split ¢y ;441 into blocks

a; = C[(i—1)B+1,max{iB.n+k+1}]» ¢ € {1,...,[(n+k+1)/B]}

2

of length B except that af(,441),3] may have length shorter
than B. By Lemma 4 the bits ¢z, with [6; N Z;| < d can

be recovered, since Z; is deletion isolated and the head
distance satisfies t; > T[k(k — 1)/2 + 1] + (Tk — k®)/6
for i € {1,...,d — 1}. Note that there is at most a single
interval Z;, that satisfies |01 NZ;,| > d when k < 2d — 1.
Since |Z;, N [1,n + k + 1]| < B, the interval Z;, covers at
most two blocks a;, and a; 11. It follows that there are at
most two consecutive blocks, covered by Z;,, that remain to
be recovered. Both block contain at most k£ deletions.

For any integer n and sequence ¢ € {0,1}"tF+1 of

length n + k + 1, let the function S : {0,1}"+k+1 —
pl(n+k+1)/B]

21(B/[1og n1)1 (2K log loa n+0(1)) D€ defined by
S(c) = (Hash(ay), Hash(az), ..., Hash(af(mt+k+1)/81));
3)

where a;, i € {1,...,[(n+ k +1)/B]} are the blocks of ¢
defined in Eq. (2). The sequence S(c) is a concatenation of the
hashes Hash of blocks of c. Note that Hash(a;) is the i-th
symbol of S(c).

Lemma 6. If B > k, there exists a function DecS
{07 1}n+1 % {0, 1}((n+k+1)/B] [B/logn](2kloglogn+0O(1)) _
{0,1}"+*+1 such that for any sequence c € {0,1}n+k+1
and its length n + 1 subsequence d € {0,1}"*1, we have
that DecS(d, Sk(c)) = ¢, i.e., the sequence ¢ can be recov-
ered from k deletions with the help of S(c).

Now we are ready to present the code construction. For any
sequence ¢ € {0, 1}", define the following encoding function:

Enc(c) = (F(c), R (c),R"(c)) 4)
where
R'(c) = ER(S(F(c))),
R"(c) = Repy+1(H(R'(c))). ®)

The function E'R is the parity of a code that corrects two
consecutive erasures, which computes the modulo sum of
symbols at the even and odd positions respectively. The func-
tion Repyy1 is a k+1-fold repetition function that repeats each
bit k+1 times. Note that we use F(c) € {0, 1}"+*+1 to0 obtain
a sequence satisfying L(F'(c),< k) < T so that Lemma 5
can be applied. The redundancy consists of two layers. The
function R’(c) can be regarded as the first layer redundancy,
with the help of which F(c) can be recovered from k& dele-
tions. It computes the redundancy of a code that corrects two
consecutive symbol erasures in S(F'(c)). Notice that S(F(c))
is a sequence of [n/B] symbols. The function R’(c) can
be seen as the second layer redundancy that helps recover
itself and R’'(c) from k deletions. The length of the code-
word Enc(c) is given by N = n+4k[3k?(k —1)d/2 + 3kd +
3/2]loglogn + o(loglogn) when t; = max{(3k + [logn] +
2)[k(k—1)/2+ 1]+ (Tk — k%) /6, (4k +1)(5k + [logn] +3)}
for i € [1,d — 1]. The next theorem proves Theorem 1 for
cases when d < k < 2d — 1.

Theorem 2. The set C = {Enc(c) : ¢ € {0,1}"} is a k
deletion d head correcting code for d < k < 2d — 1, if
the distance between any two consecutive heads satisfies t; =

max{(3k + [logn] +2)[k(k — 1)/2 + 1] + (Tk — k?) /6, (4k +



1)(5k + [logn] + 3)}, i € {1,...,d — 1}. The code C can
be constructed, encoded, and decoded in Oy (poly(n)) time.
The redundancy of C is N —n = 4k[3k*(k — 1)d/2 + 3kd +
3/2]loglogn + o(loglogn).

IV. PROOF OF LEMMA 5

Let D € Dg(c) be the d reads from all heads, where c
satisfies L(C[1 nqrt1),<k) <T.Then Disadbyn+ R —k
matrix. The proof of Lemma 5 consists of two steps. The first
step is to identify a set of disjoint intervals 7}, j € [1, J] that
satisfy |I]’ N[l,n+1]| < B—k and J < k. Moreover, there
exist a set of disjoint and deletion isolated intervals Z;, j €
[1, J], such that §; C szle and Di’I; = cz;ne¢ fori € [1,d]
and j € [1, J], i.e., the subsequence Di,z; of the i-th read can
be obtained by deleting cz,ns, in cz,. Note that §;41 NZ; =
t;+06,NZ; fori € [1,d—1] and j € [1, J], since Z; is deletion
isolated. In addition, we have that |Z; N [1,n+ k + 1]| < B,
since |Z; N [1,n + 1]| < B — k and |Z;| < |Z}| + k. The
second step is to determine the number of deletions |d; N Z;|
for i € [1,d] and j € [1, J], based on Dyy,4),z;- Then,

i1 i
Ty = ligj—1 + Y |60 N Telyizg + Y 161 N L],
=1 =1

where I} = [ig;_1,i2;] for j € [1, J]. It is assumed that i; > i,
for I < j. The disjointness of Z;, j € [1, J] follows from the
fact that Z7, j € [1, J] are disjoint. The two steps will be made
explicit in the following two subsections respectively.

A. Identifying Intervals T}
The procedure for identifying intervals I; is as follows.

« Initialization: Set all w € [1,n + R — k] unmarked.
Let ¢ = 1. Find the largest positive integer L such that
the sequences D;[; ;1) are equal for all j € [1,d].
If such L exists and satisfies L > t,,4,, mark the
numbers w € [1, L — t,42]. Go to Step 1.

o Step 1: Find the largest positive integer L such that the
sequences D;; ;41 are equal for j € [1,d]. Go to
Step 2. If no such L exists, set L = 0 and go to Step 2.

o Step 2: If L > 2t,,4 + 7T + 1, mark the numbers w €
[i+tmaz, min{i+L—1,n+1} —tnas]. Seti =i+ L+1
and go to Step 3. Else 1 =7+ 1 and go to Step 3.

e Step 3: If : <n+1, go to Step 1. Else go to Step 4.

e Step 4: If the number of unmarked intervals'
within [1, n+1] is not greater than k, output all unmarked
intervals. Else output the first &k intervals, i.e., the intervals
with the minimum £ starting indices.

We prove that the output intervals satisfy the above constraints.
The following lemma will be used.

Lemma 7. Let D € Dy(c) for some sequence c satisfy-
ing L(C[1)n+;€+1],g k) < T. Let Tyin = minie[l,d_l] t;
and ty,qp = MaxXe(1,g—1) ti such that Tyip > k(T + 1) + 1.
If Doy, i1 ,i5] = Duws [iy,i0] for some interval [i1,io] C [1,n+41]

with length 15 — i1 + 1 > 2t + T + 1 and for all

! An unmarked interval [4, j] means that w € [i, j] are not marked and i — 1
and j + 1 are marked. It is assumed that O and n + R + 1 — k are marked.

different wy,ws € [1,d|, then there are no deletions happen
within bits Doy (i, 44,00 io—tmas] JOT @ll W, ie., there exists
integers iy = i1 +tmaz+|0wN[1, 7 —1]| and i = ia —tmaz+
|6 N [1,45 — 1]|, such that Clif i) = DU’a[i1+tm,uz7i2_t7nam]
and [i4,i5] N 6, = O for w € [1,d]. Moreover, both
intervals [1,4) — 1] and [i%, + 1,n + R] are deletion isolated.

Let [p2j_1,p2;]. 7 € [1,J'] be the marked intervals in the
procedure, where p; < ... < p2jy. Let po = 0 and poj41 =
n + R + 1, then the output intervals are the first up to &
nonempty intervals among {[p2; + 1,p2j41 — 1]}3]/:0. Note
that the interval [n + 1 — tyaq,n + R — k] is not marked
in the procedure. Hence, according to Lemma 7, there exist
intervals [ph;_y,p5;], j € [1,J'], where

P =pj + |8, N [1,p; — 1]|, and
[Poe—15Phe) N 0w =0, (6)

for all j € [1,2]], £ € [1,J], and w € [1,d]. More-
over, intervals [1,p5; ; — 1] and [py; + 1,n + R] are
deletion isolated’ for j € [1,J’]. Then we have that the
intervals [py; + 1,p5;,; — 1], 7 € [0,J'], where py =
0,p5;4, = n+ R+1, are deletion isolated. From (6) we have
that Doy, [py+1,paj 00 —1] = C[P’zj+1/7p'2j+1—1}ﬁ5&' In addition, the
intervals {[ph; + 1,ph; 1 — 1]}7—, are disjoint.

Furthermore, for any output interval [paj + 1, paj11 — 1]
[1,n+1—%p42], the corresponding interval [ph; +1,p5; 41 —
contains at least one deletion in &, i.e., [py; + 1,p5;
1] Nd, # O for some w € [1,d]. Otherwise, we have
that [p5; +1, 5,1 —1]Nd, = 0 for w € [1, d], which implies
that the interval [pgj + 1,p2j1 — 1] is marked during the
algorithm. Therefore, there are at most & unmarked intervals
that lie within the interval [1, n+1]. Then it can be shown that
the deletions d,, are contained in first up to k output intervals.

Finally, we show that |Z) N [1,n + 1]| < B — k. It can be
proved that for any unmarked index i € [1,n+1—|tma+(T+
1)/2]], there exists some w € [1,d] and k; € [1, k], such that
a deletion 4., 5, occurs within distance |t,,q, + (T'+1)/2] to
the corresponding bit ¢;r—; |5, n[1,i'—1]] Of Dw,i> 1€, du k, €
[i" — | tmaz + (T +1)/2], 3" + [tmaz + (T +1)/2]]. Otherwise,
we have that 7 is marked. On the other hand, any deletion 6, x,
covers at most 2| (2t,qz + 7+ 1)/2] + 1 unmarked positions
in [1,n+1—|tmaee+(T+1)/2]]. Then the number of unmarked
bits in [1,n + 1] is at most (2| (2tmar + T +1)/2] + 1)kd +
|(2tae + T +1)/2] =B — k.

B. Determining the Number of Deletions

=N

We now present the algorithm for determining the number
of deletions |0; N Z;|, @ € [1,d], for any deletion isolated
interval Z; C [1,n+k+1]. The inputs to this algorithm are the
reads Dy g ! obtained by deleting cs;nz;,% € [1,d] from cz;-
Note that the interval Z; is not known at this point. In the
algorithm only the first two reads D[l,g]’zé are used. Let Z; =

2If the interval [p1,p2] is marked in the initialization step and has length
less than 27"+ tmaa + 1, apply Lemma 7 by imagining an interval [—tmaa +
T +1,0] where Dy, (¢, .. 4+ 741,0] are equal for w € [1,d].

3When i/ — |tmaz + (T + 1)/2] < 0, consider imaginary
bits Doy (i — [ tyman+(T+1)/2),0] that are equal for w € [1,d].



[bmins bmaz] for some integers b,y and by,q.. Consider the
following intervals,

Bim

)

=[bmin + (i — )ty + (m — 1)(T + 2k + 1),
min{byin + (i — D)t1 + m(T + 2k + 1) —

for i € [1, [(bmam — bmin + 1)/t1]] and m € [1, min{4k +
1, [((bmaz — bmin + 1) mod t1)/(T + 2k + 1)]}]. The inter-
Vals B;.m are disjoint and have length 7' 4 2k + 1 except
when ¢ = [(bmam — bmin + 1)/t1] and m = min{dk +
1, [((bmaz — bmin + 1) mod t1)/(T + 2k + 1)]} the length
mlght be less. Let U,,, = U;B; ,,, be the union of intervals B, ,,,
with the same m for m € [1,4k+1]. Then the unions U,,, m €
[1,4k + 1], are disjoint. Since the deletions occur in at
most 2k positions in the first two heads, at least 2k + 1
unions {Up,, .. Uy, b satisfy Uy, N (61 U d2) = 0
for I € [1,2k + 1]. Similarly, let Z; = [b/,,,,,,,.] for some
integers b/, and b ..

17 bmaw}’]y

. Define the intervals

B = Wrpin + (0 = Dty 4+ (m = 1)(T 4 2k + 1),
mm{bmm (i—Dty +m(T+2k+1)—k—1,b,..},

for i€l [( faw — Omin + 1)/t1]] and m € [1, min{4k +

L [((Vrae mm+1) mod ¢1)/(T'+2k +1)]}]. Since D 1,
can be obtained by deleting bits cs, NZ; from cz;, it can
be shown that the sequence D, g , is a length T+ k + 1
subsequence of cg, ,, for e € {1, 2} and for all 4, j except for

i,m

the last at most two pairs (i, m) the interval B; ,, may not
exist. Let ZM' = {(i,m) : B.,, # 0} be the set of (i, m)
pairs for which B}, is deﬁned For (i,m) € TM', let pj,,

and ¢; ,, be the begmmng and end points of interval B;,,,
ie., B, m = Phms Qi) Similarly, let [p; m, qim] = Bl)m
The algonthm is given as follows.
« Step 1: For all (i,m) € ZM’, find a unique inte-
ger 0 < w;;m < k such that Dy oy
Da ;. +@i.m.a;.,,]- If n0 or more than one such integers
exist, let x; ,, = 0. Go to Step 2.
o Step 2: For all m € [1,4k + 1], compute the sum s, =
> (i;m)yeTm Tiym- Go to step 3.
« Step 3: Output the majority among {s,, }***!.
To prove the correctness of the algorithm, it suffices to show
that s,,, = |Z; N 61| for all [ € [1,2k + 1]. First, we show
that the unique integer x; ,,, satisfying D A
DQv[Pé,mﬁ%mzvfli,ml] exists. Moreover, the integer ;
equals |51 n [le,pi’ml - IH — |(52 n [pl,lapi,ml - 1]|, the
difference between deletion numbers in the first two heads
before the interval B;,,,. Let = |01 N [p1.1,Pim, — 1] —
|02N[p1,1, Pi,m, —1]], it can be verified that the integer x; ,,, =
x satisfies Dy [ B e Dy 1 g F Tl ] We
show such x;,,, 1s unique. Suppose there exists another
integer y > x for which Dl»[m,ml

Then,

— D27[pi,ml+y7qi,ml]'

1]/-]
~1]|-a]-

C[P§7m1 +1610[p1,1,Pi,m, *1]\711;1,,” +161N0[p1,1,Pi,m; —

_C[PI ml+\510[171 1:Pi,my —1|+y—2,q] .. +]1610[p1,1,Pi,m,;

i,my

It then follows that

L(C[

+1010[p1,1,Pi,m; —1]],4;, ml+\51ﬂ[p1 1,pi,m; — 1|z} Y — )
_pi,ml +1>T+k+1-k+1>T+1

7ml

:qi,ml -

which is a contradiction to the fact that L(c,< k) < T.
Similarly, such contradiction occurs when y < z. Hence
such z; ,,,, is unique.

Next, we show that s,,,, = |01 NZ;| for | € [1,2k + 1].
Since pim, — Pi—1,m; = t1 for i € [2, max( myezr i), we
have that

101 0 [p1,1, Piym, — 1]
i—1

U+ > 1610 [pa g Purt,me — 1]
w=1
i—2

1]' + Z |62 N [pw+1’m17pw+2,mz - 1”
w=1

+ |61 N [pi—l,mmpi,ml - 1”

=01 N [p1,1,P1,m, —

:‘62 N [p2,1»p2,mz -

:‘62 N [pl,lvpi,ml - 1]‘ + |61 N [pi—l,m“pi,nu - l]la
It then follows that x; ,,,, = |01 N [Pi—1,m;s Pim — 1| P0,m; =
p1,1) and that

Sm; = |51 N [pl,l;pmax“,m)ezMI im; 1”

Note that 61 N [pmax(L m)eT M’ 1,my bmaz] C 61 N [ max tl +
1, bynaz] = 0. Hence, we have that s,,, = |61 N Z;|. Then the
majority rule works.
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